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Abstract
The effective chiral Lagrangian of the strong and electromagnetic interactions of
the pseudoscalar mesons at low energies depends on a set of low energy constants.
We determine the contributions to the electromagnetic coupling constants at order
O(e2p2), which arise from resonances within a photon loop. We give some implica-
tions of our results, in particular we discuss in detail the effects on the corrections
to Dashen’s theorem.
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1 Introduction
At low energies the strong and electromagnetic interactions of the lightest pseu-
doscalar mesons can be described by an effective field theory, called chiral pertur-
bation theory (CHPT) [1, 2, 3, 4]. CHPT provides a systematic expansion in the
external momenta p, in the light quark masses mq and, in the electromagnetic sec-
tor, in the electromagnetic coupling e. It is a nonrenormalizable field theory, but
it is renormalized order by order in the loop expansion. The effective chiral La-
grangian depends on a number of low energy constants that absorb the ultraviolet
divergences generated by the loops. The renormalized couplings are not fixed by
chiral symmetry. They are in principle calculable from the underlying dynamics
of QCD and QED in terms of the renormalization group invariant scale Λ and the
heavy quark masses (mc, mb, . . .). In practice, however, they are extracted from
experimental data, which works to a large extent in the strong sector but hardly in
the electromagnetic sector [5].
Complementary to experimental data on may use model assumptions as an in-
put. In the phenomenological picture, the low energy constants get contributions
from different sources, such as mesonic resonances, other hadronic states, and even
short distance effects. In [6] the authors separated the low energy constants of the
strongly interacting sector at next-to-leading order in a part determined by reso-
nance exchange, and a non-resonant remainder. It was found that at the scale point
µ = Mρ the resonance contribution nearly saturates the experimentally known low
energy parameters of the strong interaction sector.
In the electromagnetic sector, resonance exchange at tree level cannot be applied
because resonances do not contribute to the low energy electromagnetic coupling
constants in the absence of photons. Considering the electromagnetic mass shift
of the pion in the chiral limit due to photon and resonance exchange at the one-
loop level [7], the resonant contribution to the coupling constant C at order O(e2)
was determined in [6] (see also [8]). The occurring divergence was absorbed in the
corresponding electromagnetic counterterm Lagrangian associated with the coupling
constant Cˆ. It was found that the loop contribution is numerically very close to the
experimental value and the authors thus concluded that resonance saturation holds
for the leading order electromagnetic coupling constant C.
The purpose of this article is to extend the above method to the couplings of
the order O(e2p2). The effective electromagnetic Lagrangian has been given in its
general form at leading order in [6] and at next-to-leading order in [9, 10, 11]. In the
latter case we have 14 independent operators associated with the coupling constants
Ki (i = 1 . . . 14). Considering the contributions to the masses, to the scattering
amplitudes, and to the matrix elements with external currents (see Section 5) arising
from resonances within a photon loop, the resonant contributions to the coupling
constants are evaluated. The divergences generated by the loops must be absorbed
in a counterterm Lagrangian with the corresponding coupling constants Kˆi [12].
Afterwards we extract the finite contributions from the resonances to the Ki.
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Since our knowledge on the coupling constants of the electromagnetic sector
is still poor, i.e. in general they cannot be related to experimental data, it is not
possible to test whether resonance saturation holds in the electromagnetic sector. We
are aware of two possible checks. (i) On the one hand we can classify the operators at
order O(e2p2) due to their behaviour in the large NC limit [13] (see Appendix C) and
compare them to the numerical result for the couplings Ki found in the resonance
approach. In the four cases where a suppression by 1/NC occurs we find indeed that
the contributions from the resonances vanish, e.g. one of the results is KR8 = 0,
where the superscript R indicates resonance contributions. (ii) On the other hand,
exactly this coupling has been estimated in [9] to be Kr8(Mρ) = −(4.0± 1.7)× 10−3,
where the superscript r stands for the renormalized coefficient in the Lagrangian LQ4
and the scale point is chosen to µ = Mρ. Obviously, the two results do not coincide.
So the only possible hint for a resonance saturation for the Ki is found in (i).
We apply our results to different S-matrix elements given in the literature (see
Section 6), e.g. we discuss the consequences for the corrections to Dashen’s theorem
[14, 15] at order O(e2mq). There we find a strong cancellation among the contribu-
tions leading to the result that the uncertainties are of the same size (or even larger)
than the central value itself.
This article is organized as follows: In Section 2 the Lagrangians of chiral pertur-
bation theory up to the orders O(p4) and O(e2p2), respectively, are briefly presented.
In Section 3 the linear couplings of the pseudoscalar mesons to the resonances and
the relations used among the parameters in the resonance sector are given. Then
the general procedure in order to determine the resonance contributions to the low
energy coupling constants is described. In Section 5 we present the evaluation of
the resonant contributions to the low energy coupling constants Ki, including an
extended discussion of the results. The applications of the numerical results to
S-matrix elements are given in Section 6 and in the last Section a summary is pre-
sented. In Appendix A we discuss the heavy mass expansion, that we have used
in the calculation of the resonance-photon loops at order O(e2p2). In Appendix B
we list in detail the contributions to the KRi separated for each type of resonances
and in Appendix C the large NC behaviour of the operators in the Lagrangian LQ4
is deduced.
For comprehensive reviews on CHPT we refer the reader to [4], a review on the
determination of low energy couplings may be found in [5].
2 Chiral Lagrangian and Low Energy Couplings
The chiral Lagrangian can be expanded in derivatives of the Goldstone fields and
in the masses of the three light quarks. The power counting is established in the
following way: The Goldstone fields are of order O(p0), a derivative ∂µ, the vector
and axial vector currents vµ, aµ count as quantities of O(p) and the scalar (incorpo-
rating the masses) and pseudoscalar currents s, p are of order O(p2). The effective
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Lagrangian starts at O(p2), and is denoted by LQ2 . It is the non-linear σ-model
Lagrangian coupled to external fields, respects chiral symmetry SU(3)R × SU(3)L,
and is invariant under P and C transformations [2]. The Lagrangian LQ2 including
electromagnetic interactions can be divided in three parts, namely [6]
LQ2 = Lγkin + L2 + LC , (1)
where
Lγkin = −
1
4
FµνF
µν − λ
2
(∂µA
µ)2
L2 = F
2
0
4
〈dµUdµU †〉+ F
2
0
4
〈χ†U + U †χ〉
LC = C〈QUQU †〉 . (2)
Here, Fµν is the field strength tensor of the photon field Aµ. The parameter λ is the
gauge fixing parameter, which is set to λ = 1 henceforth. The pseudoscalar meson
fields φa are contained in the usual way in the matrix U = exp (i/F0 ·∑a λaφa), and
the field χ incorporates the scalar and pseudoscalar currents s and p respectively,
χ = 2B0(s+ ip). The quark mass matrix is contained in s (i.e. s =M+ · · ·), and we
work in the isospin limit mu = md = mˆ, i.e. M = diag (mˆ, mˆ,ms). The covariant
derivative dµU defines the coupling of the pseudoscalar mesons to the photon field
Aµ, the external vector and axial vector currents vµ and aµ respectively,
dµU = ∂µU − i(vµ +QAµ + aµ)U + iU(vµ +QAµ − aµ) , (3)
where the charge matrix Q is given by Q = e diag (2/3,−1/3,−1/3). F0 corresponds
to the pion decay constant Fπ in the chiral limit and B0 is related to the quark
condensate for mq → 0.
In the chiral limit the masses of the Goldstone bosons are of purely electromag-
netic nature, determined by the operator proportional to C,
C〈QUQU †〉 = −2e
2C
F 20
(π+π− +K+K−) +O(φ4). (4)
The masses of the charged particles receive an overall shift, whereas the masses of
the neutral fields remain zero, in agreement with Dashen’s theorem [14].
In order to formally maintain a consistent chiral counting, it is convenient to
set [9]
e ∼ O(p), Aµ ∼ O(1) , (5)
such that LQ2 is of the order O(p2).
At next-to-leading order the most general chiral invariant, P and C symmetric
Lagrangian LQ4 at order O(p4) has been given in [2] for the strong interaction (as-
sociated with the couplings Li and Hi) and in [9, 10, 11] for the electromagnetic
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interaction (couplings Ki),
LQ4 = L1〈dµU †dµU〉2 + L2〈dµU †dνU〉〈dµU †dνU〉
+L3〈dµU †dµUdνU †dνU〉 + L4〈dµU †dµU〉〈χ†U + U †χ〉
+L5〈dµU †dµU
(
χ†U + U †χ
)
〉+ L6〈χ†U + U †χ〉2 + L7〈χ†U − U †χ〉2
+L8〈χ†Uχ†U + χU †χU †〉 − iL9〈dµUdνU †FRµν + dµU †dνUFLµν〉
+L10〈U †F µνR UFLµν〉+H1〈F µνR FRµν + F µνL FLµν〉+H2〈χ†χ〉
+K1F
2
0 〈dµU †dµU〉〈Q2〉+K2F 20 〈dµU †dµU〉〈QUQU †〉
+K3F
2
0
(
〈dµU †QU〉〈dµU †QU〉 + 〈dµUQU †〉〈dµUQU †〉
)
+K4F
2
0 〈dµU †QU〉〈dµUQU †〉+K5F 20 〈
{
dµU †, dµU
}
Q2〉
+K6F
2
0 〈dµU †dµUQU †QU + dµUdµU †QUQU †〉
+K7F
2
0 〈χ†U + U †χ〉〈Q2〉+K8F 20 〈χ†U + U †χ〉〈QUQU †〉
+K9F
2
0 〈
(
χ†U + U †χ
)
Q2 +
(
χU † + Uχ†
)
Q2〉
+K10F
2
0 〈
(
χ†U + U †χ
)
QU †QU +
(
χU † + Uχ†
)
QUQU †〉
+K11F
2
0 〈
(
χ†U − U †χ
)
QU †QU +
(
χU † − Uχ†
)
QUQU †〉
+K12F
2
0 〈dµU † [cµRQ,Q]U + dµU [cµLQ,Q]U †〉
+K13F
2
0 〈cµRQUcLµQU †〉+K14F 20 〈cµRQcRµQ+ cµLQcLµQ〉
+K15F
4
0 〈QUQU †〉2 +K16F 40 〈QUQU †〉〈Q2〉+K17F 40 〈Q2〉2 , (6)
where
F µR,L = v
µ +QAµ ± aµ
F µνR,L = ∂
µF νR,L − ∂νF µR,L − i
[
F µR,L, F
ν
R,L
]
cµR,L = i
[
Q,F µR,L
]
. (7)
L1 . . . L10, H1, H2 and K1 . . .K17 are real low energy constants, which are indepen-
dent of the Goldstone bosons masses and which parameterize all the underlying
physics (including e.g. the resonances). The coupling constants H1, H2, K14 and
K17 have no physical significance and are needed for renormalization only. The con-
stants K1, K7 and K16 are electromagnetic corrections to F0, B0, and C respectively.
Considering n-point functions that involve vector and axial vector currents only, the
coupling constant K9 can be absorbed in the quark mass matrix,
M−→MQ =M
(
1+ 8K9Q
2
)
. (8)
Note that this substitution can be performed in particular in the corrections to the
meson masses. The operators associated with the couplings K15, K16 and K17 are
of the order O(e4) and are not considered in the following.
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3 Resonances in the Chiral Lagrangian
In order to describe the chiral couplings of the resonances to the pseudoscalar Gold-
stone bosons, we restrict ourselves to the leading order Lagrangian that is linear in
the resonance fields. This Lagrangian contains the kinetic term with a covariant
derivative and the linear couplings of resonances to the Goldstone bosons and to the
external currents in such a way, that all the terms involved are of order O(p2) [6].
We do not include couplings bilinear in the resonances, (for a systematic treatment
in the heavy meson formalism see [19]), nor consider terms linear in the resonances
at higher orders in p2. Explicitly, the interaction Lagrangian has the form [6]
LV2 =
FV
2
√
2
〈Vµνfµν+ 〉+
iGV
2
√
2
〈Vµν [uµ, uν]〉
LA2 =
FA
2
√
2
〈Aµνfµν− 〉
LS2 = cd〈Suµuµ〉+ cm〈Sχ+〉+ c˜dS1〈uµuµ〉+ c˜mS1〈χ+〉 , (9)
where
fµν± = uF
µν
L u
† ± u†F µνR u
χ+ = u
†χu† + uχ†u
uµ = iu
†dµUu
† = u†µ
U = u2 . (10)
For the description of the vector (V ) and axial vector (A) resonances the anti-
symmetric tensor notation is used. At leading order, for V and A only the octets
couple to the Goldstone bosons whereas for the scalar resonances both the octet (S)
and the singlet (S1) contribute. There exist also similar couplings for the excited
pseudoscalar octet (P ) and the singlet (P1), but since they do not generate electro-
magnetic contributions at the order O(e2p2) we have omitted the Lagrangian LP2 in
Eq.(9). The coupling constants occurring in (9) will be discussed below.
In the kinetic Lagrangian a covariant derivative acts on the octet fields,
LV,Akin = −
1
2
〈∇µRµν∇σRσν − 1
2
M2RRµνR
µν〉
LSkin =
1
2
〈∇µS∇µS −M2SR2〉+
1
2
(
∂µS1∂µS1 −M2S1S21
)
∇µR(µν) = ∂µR(µν) + [Γµ, R(µν)]
Γµ =
1
2
[
u† (∂µ − iF µR)u+ u (∂µ − iF µL ) u†
]
, (11)
whereMR andMR1 are the corresponding masses in the chiral limit. In the following
we will calculate matrix elements containing resonances within a photon loop. These
loops contain divergences that can be absorbed in a counterterm Lagrangian Lc.t..
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In its general form, this Lagrangian has one term of order O(e2) and 14 terms of
O(e2p2)
Lc.t. = Cˆ〈QUQU †〉+
14∑
i=1
KˆiOi. (12)
The operators Oi are identical to those in Eq.(6). The necessary set of Lagrangians
for the calculation of processes with resonance-photon loops is given by
LR = Lγkin + LRkin + LR2 + L2 + Lc.t. R = V,A, S . (13)
The chiral power counting normally used in the loop expansion of the Goldstone
bosons cannot been maintained in the resonance sector. The masses of the res-
onances do not vanish in the chiral limit, i.e. they have to be considered as a
quantity of the order O(1). We therefore expand the loops in the ratio M2π,K/M
2
R
and truncate at the order in question. The procedure we use for this purpose is
called the heavy mass expansion, see Appendix A for details and examples, where
we also discuss the higher order corrections.
The coupling constants in Eq.(9) are not restricted by chiral symmetry, however,
they can be related to each other invoking the asymptotic behaviour of QCD and
by using large NC arguments [6],
Relation Source
F 2A = F
2
V − F 20 First Weinberg sum rule [18]
M2AF
2
A = M
2
V F
2
V Second Weinberg sum rule [18]
FVGV = F
2
0 Electromagnetic pion form factor
FV = 2GV Axial pion form factor
MS1 =MS
|c˜d| = |cd|√
3
|c˜m| = |cm|√
3


Large NC arguments
(14)
Note that these relations are valid in the chiral limit only, with the exception of the
first Weinberg sum rule that also converges in the presence of quark masses [20].
On the basis of (14) all the parameters in the vector and axial vector sector may be
expressed as functions of the pion decay constant F0 ≃ Fπ = 92.4 MeV and the rho
mass MV ≃Mρ = 770 MeV,
|FV | =
√
2F0 , |GV | = F0√
2
, FVGV 0 ,
|FA| = F0 , MA =
√
2MV .
(15)
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For a confirmation of the positivity of the product FVGV from experimental data
we refer to [21].
In the scalar sector more information is needed to fix cd and cm. Following the
reasoning in [6] one may turn around the arguments for the scalar contributions in
the strong sector (see also the footnote above): the two low energy constants L5 and
L8 are by assumption determined by the resonances, i.e. the finite (experimental)
values Lr5(µ), L
r
8(µ) fix the couplings cd, cm. Therefore at µ =Mρ,
|cd| = MS L
r
5(Mρ)√
2Lr8(Mρ)
, |cm| =MS
√
2Lr8(Mρ) , (16)
and with the numerical values (where we omit any errors) MS = Ma0 = 982 MeV,
Lr5(Mρ) = 1.4× 10−3 and Lr8(Mρ) = 0.9× 10−3 we arrive at
|cd| = 32 MeV, |cm| = 42 MeV, cdcm0 . (17)
For a different set of values for cd, cm (due to a different L
r
8(µ)) see [22]. Note that
we will need in our calculation cd, c˜d only, the couplings of the scalar mesons to the
quark masses yields higher order electromagnetic corrections.
For the masses of the pseudoscalar bosons we will use Mπ = 135 MeV,
MK = 495 MeV and Mη = 547 MeV.
4 General Procedure
The low energy coupling constants, introduced in the Chiral Lagrangian LQ4 , see
(6), are in general divergent. They absorb the divergences at the one-loop level of
the generating functional associated with LQ2 [2, 9, 10, 11]. Consequently, they have
to be renormalized and the renormalized coupling constants, denoted by Lri (µ) and
Kri (µ), will depend on the renormalization scale µ.
All low energy parameters of the chiral Lagrangian are determined by the un-
derlying dynamics of QCD and QED. Presently it is not possible to calculate them
from first principle. Referring, however, to data from low energy experiments and
large NC arguments the values of the L
r
i (µ) have been determined in [2]. This is in
contrast to the electromagnetic sector, where only an estimate for Kr8(µ) has been
given [9], and the determination of the leading order coupling constant C is based
on resonance saturation [6].
In order to study the resonant contributions to the Lri (µ), Ecker et al. [6] sep-
arated the low energy coupling constants at a fixed scale point µ into a sum of
resonant (LRi ) and non-resonant (Lˆi(µ) ) contributions,
Lri (µ) =
∑
R=V,A,S,P
LRi + Lˆi(µ) , (18)
8
where the sum extends over vector (V), axial vector (A), scalar (S), and pseudoscalar
(P) resonances‡. Since the resonance exchange occurs at tree level, the corresponding
terms LRi are scale independent. The choice of the renormalization scale µ is not fixed
a priori, however, in order to best visualize the contributions from the resonances,
µ should be in the relevant mass region. Indeed, at µ = Mρ it was found that the
finite parts of the strong coupling constants Li are almost determined by resonance
exchange, i.e. Lˆi(Mρ) ≃ 0 [6]§. To be more specific, whenever vector resonances
contribute at all, they dominate numerically (for a similar finding see also [17]).
The same ansatz has been used in the electromagnetic sector for the leading
order coupling C. In contrast to the strong sector resonances contribute to C only
within a photon loop, thus the resonant part will be divergent in general. These
divergences are absorbed by renormalizing the corresponding non-resonant coupling
Cˆ (which takes the role of a counterterm) and we arrive at the splitting
C =
∑
R
CR(µ0) + Cˆ
r(µ0) , (19)
where CR(µ0) and Cˆ
r(µ0) are finite and the scale dependence cancels in the sum.
To be more explicit we take the electromagnetic mass shift of the charged pion at
the order O(e2) as an example. In ordinary CHPT without resonances the charged
pion mass reads in the chiral limit (see Eq.(4) above)
(M2π±)e.m. =
2e2
F 20
C +O(e2mq) (20)
entirely determined by the coupling constant C. In the resonance approach the pion
mass also gets contributions from resonance-photon loops at order O(e2), see graphs
c) and d) in Figure 2 in Appendix A,
(M2π±)e.m. = −
3e2
F 20 16π
2
[
F 2VM
2
V
(
ln
M2V
µ2
+
2
3
)
− F 2AM2A
(
ln
M2A
µ2
+
2
3
)]
+
2e2Cˆ
F 20
− 6e
2
F 20
(F 2VM
2
V − F 2AM2A)λ+O(e2mq) . (21)
The term λ is given in Eq.(51) in Appendix A. It contains the loop divergences
and produces a pole in d = 4 dimensions. It can be absorbed by renormalizing the
contributions from the non-resonant part,
Cˆ = Cˆr(µ0) + 3(F
2
VM
2
V − F 2AM2A)λ . (22)
‡Recently, the contributions arising from tensor mesons have been determined in CHPT with
two light flavours [16].
§Exceptions to this rule are L5 and L8, where scalar resonances contribute only. Due to the
lack of experimental information in this sector, the resonance saturation hypothesis was assumed,
finding good agreement with the decay width Γ(a0 → piη) [6].
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Invoking Weinberg sum rules [18], see Eq.(14), one circumvents the renormalization
of Cˆ, because the loop divergences cancel. The connection to ordinary CHPT with-
out resonances is then given by the relation (19) with the explicit expression for the
resonance contributions,
CR = −3
2
F 2VM
2
V
16π2
(
ln
M2V
M2A
)
, (23)
where again we have used Weinberg sum rules. Putting numbers in (23) and com-
paring with the observed mass difference M2π± −M2π0 one finds that the resonances
nearly saturate the coupling C [6, 7].
For the couplings Ki we proceed in a completely analogous way. We split the
finite part Kri (µ) at a fixed scale point µ in a resonant part and a remainder. The
contribution from the resonances KRi (µ0) depends on the renormalization scale µ0
at which one subtracts the occurring divergences in the photon-resonance loops,
Kri (µ) =
∑
R
KRi (µ0) + Kˆ
r
i (µ, µ0) , (24)
where each term is finite and the µ0 dependence cancels in the sum on the r.h.s.
Again, by the use of sum rules we find several combinations of KRi that are finite
and thus µ0 independent. But in general, measurable quantities (like the charged
pion mass M2π±) involve combinations of K
R
i that do not show this nice feature and
therefore the resonant contributions to these observables remain µ0 dependent [12].
Similarly to the strong sector, we expect the coupling constants Kri (µ) to be
most sensitive to the contributions from the resonances in the proximity of the
lightest resonance ρ, i.e. we adopt the scale point µ = Mρ henceforth. Concerning
the renormalization scale µ0 in the photon-resonance loops we choose as central
value µ0 = Mρ and vary it in the region Mη ∼ 1 GeV in order to study the scale
dependence of the couplings KRi (µ0).
In the strong sector and for the leading order electromagnetic coupling C it was
found, that there is not much room left for other contributions beside the meson
resonances. At O(e2p2) we have poor informations only (see Section 5) which would
establish a similar finding. For the time being, we will treat the finite parts of the
renormalized remainder Kˆri (µ, µ0) as unknown parameters.
5 Resonance Contributions to the Kri (µ)
In order to determine the resonant contributions to the electromagnetic couplings
Ki, we have calculated S-matrix elements with the Lagrangian LR at the one-loop
level and have evaluated the corresponding tree contributions from LQ4 . We then
split the coupling constants Ki according to Eq.(24) in a resonant piece (K
R
i ) and
a remainder (Kˆi). The divergences occurring in the resonant part of the loops are
canceled by renormalizing the Kˆi. The finite part of the resonant loops are finally
identified with the corresponding KRi at the scale point µ0 =Mρ.
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We have calculated the following set of S-matrix elements at the order O(e2p2):
• Masses
Mπ±, Mπ0 , MK±, MK0, Mη . (25)
• Scattering Amplitudes (in the chiral limit)
π+π− → π+π−, π+π− → K0K¯0, π−π0 → K−K0 . (26)
• Matrix Elements (in the chiral limit)
〈π−|A1−i2µ (0)|0〉, 〈π+|P 1+i2(0)|0〉, 〈π−|V 4−i5µ (0)|K0〉,
〈0|T V 1−i2µ (x)V 1+i2ν (y)|0〉, 〈0|T A1−i2µ (x)A1+i2ν (y)|0〉 , (27)
where
Xk+il(x) = q¯(x)Γ
λk + iλl
2
q(x),
Γ =


γµ X = Vµ
γµγ5 X = Aµ
2γ5 X = P .
(28)
From this list of S-matrix elements we have a redundant set of 19 equations for
14 coupling constants. Before presenting the results a few comments are at hand,
including some points we have mentioned already before:
1. All one-loop diagrams with resonances have been expanded in powers of 1/M2R
with the heavy mass expansion. See Appendix A for details and examples.
In particular, as we have verified, this expansion ensures that the non-local
contributions (e.g. to the scattering amplitudes) reduce at order O(e2p2) to
integrals which are independent of the momentum transfer.
2. In order to renormalize the couplings Kˆi we work in d dimensions and use
the usual modified MS scheme, see Eqs.(49 - 51). The set of matrix elements
listed above leads to a over-determined system of equations for theKi. We have
checked that the renormalization of Kˆi is consistent in all processes considered.
Since we are only interested in the resonant contributions we will not display
them here.
3. The gauge fixing parameter λ in the Lagrangian Lγkin is set to λ = 1 (Feynman
gauge). The matching procedure with S-matrix elements ensures that we deal
with gauge independent quantities. The coupling constantsKi themselves may
be gauge dependent, since in general they are not observables.
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4. We have checked several parts of our calculation with results given in the
literature, namely (i) the resonance-photon loops to M2π± and M
2
K± from [12]
restricted to the terms at order O(e2mq), (ii) the tree level contributions to
all the masses from [9, 10], (iii) the tree level calculation for Fπ± and the Kℓ3
form factor fK
0π−
+ (0) at zero momentum transfer from [23].
5. In Figure 1 we give as an example the one-loop contributions to the scatter-
ing amplitude π−π0 → K−K0. Although the Lagrangian LR2 that describes
the interaction between Goldstone bosons, photons and resonances is linear in
the resonance fields, in some graphs there occur vertices that couple two res-
onances to Goldstone boson fields. These couplings (with a definite strength)
are generated by the covariant derivative (11) acting on the resonances. These
diagrams are necessary in order to obtain a consistent determination of the
resonance contributions to the Ki. We have restricted ourselves to the linear
resonance model as defined in (9). In particular we have not considered any
extension to models with multi-resonance couplings.
6. Since we are only concerned with electromagnetic corrections and work at
order O(e2p2), we have neglected all effects due to the mass difference mu−md,
i.e. contributions of the order O [e2(mu −md)] are assumed to be negligible.
Throughout we have worked in the isospin limit mu = md = mˆ.
7. We would like to emphasize again that the pseudoscalar resonances do not
contribute at the order O(e2p2), thus we conclude that KPi = 0 (i = 1 . . . 14).
8. In a calculation to the order O(e2mq) in CHPT with electromagnetic interac-
tions (but without resonances) we may distinguish two kinds of terms: Loop
contributions and counterterms (including the Ki). For the matching to the
resonant contributions only the terms proportional to the Ki are necessary
and only those have been calculated. However, one of us has checked that
the loop contributions to the electromagnetic mass shifts at order O(e2mq) are
generated by the resonances within photon loops at the two loop level [24].
The full algebraic expressions of the KRi (and for C) are given in Appendix B.
In Table 1 we have listed the values of the KRi , which were obtained by using the
relations and masses shown in (14) and (15). The coupling KR14 has been omitted,
since it does not contribute to physical amplitudes.
At first sight we have found that the resonances do not contribute to KR7 . . .K
R
10
at all. Furthermore we find that the vector and axial vector parts, except forKR11, are
of the same order or even larger as the value 1/(4π)2 ≃ 6.3× 10−3 implied by naive
dimensional analysis [25] and dominate the scalar resonant contributions, which are
of the order 0.4 × 10−3. In most cases the nonvanishing contributions are scale
dependent. The scale dependence of KR1 . . .K
R
6 is due to the scalar resonances and
that of KR11 and K
R
12 is due to the the vector and axial vector contributions. Varying
the scale between the values Mη and 1 GeV causes a change in the central values of
12
Type: V + A S + S1 Total
Units: ×1/(4π)2 ×10−3 ×1/(4π)2 ×10−3 ×10−3
KR1 (µ0) −
3
16
(5 + ln 2) −6.8 3
4
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
0.4 −6.4
KR2 (µ0) −
3
16
(3− ln 2) −2.7 −3
4
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
−0.4 −3.1
KR3 (µ0)
3
16
(5 + ln 2) 6.8 −3
4
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
−0.4 6.4
KR4 (µ0) −
3
8
(3− ln 2) −5.5 −3
2
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
−0.7 −6.2
KR5 (µ0)
9
16
(5 + ln 2) 20.3 −3
4
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
−0.4 19.9
KR6 (µ0)
9
16
(3− ln 2) 8.2 3
4
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
0.4 8.6
KR7 . . .K
R
10 0 0 0 0 0
KR11(µ0)
3
16
(
ln
M2V
µ20
+
7
6
− ln 2
)
0.6 0 0 0.6
KR12(µ0) −
3
8
(
ln
M2V
µ20
+
19
6
+ ln 2
)
−9.2 0 0 −9.2
KR13
9
4
14.2 0 0 14.2
Table 1: Contributions from vector and axial vector resonances (V +A), and scalar
octet and scalar singlet resonances (S + S1) to the couplings K1 . . .K13. In the
second and in the fourth row we list the algebraic expressions, and in the third and
in the fifth row we indicate the corresponding numerical values at the scale point
µ0 = MV ≃ Mρ. In the last row we give the sum of the numerical values. We have
used the relations (14) and the numerical values for the parameters given in (15,17).
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KR1 . . .K
R
6 of roughly 10%. This is due to the smallness of the scalar contributions.
The same variation of µ0 causes a change in K
R
12 of about 20%. Only the coupling
KR11 is very sensitive to the scale point µ0. Moving the scale point between the
bounds given above invokes a shift in KR11 of the same size as the coupling itself.
However, since there is a strong cancellation in KR11 between the vector and axial
vector resonance contributions, this coupling is small compared to the other coupling
constants.
From Table 1 we find that the following linear combinations are scale independent
SR1 = K
R
1 +K
R
2 = −
3
2
1
16π2
,
SR2 = K
R
5 +K
R
6 =
9
2
1
16π2
, (29)
SR3 = −2KR3 +KR4 = −
3
16π2
,
where S1 . . . S3 have been originally defined in [10]. It is interesting to note that
the µ0 independent contributions are pure numbers, an effect of the relations (14)
that we have used. The effects of the values we obtained for the KRi are shown in
Section 6.
The behaviour of the Ki in the large NC limit [13] is derived in Appendix C. We
have found that the combinations K1+K3 and 2K2−K4 and the coupling constants
K7 and K8 are suppressed by 1/NC with respect to all the other coupling constants
(including K1 . . .K4). Indeed as one can see from Table 1 the contributions from the
resonances vanish in these particular cases. Thus the correct large NC behaviour
is a possible hint to resonance saturation in the electromagnetic sector. However,
the coupling K8 is part of the corrections of order O(e
2ms) to the charged pion
mass. In [9] an estimate of the coupling Kr8(µ) was given. There we neglected in the
difference M2π± −M2π0 the unknown counterterms proportional to e2M2π and fixed
the mass difference at its experimental value. We found
Kr8(Mρ) = (−4.0± 1.7)× 10−3 . (30)
which is in contrast to our approach, where the coupling K8 is not affected by the
resonances and thus KR8 = 0. There are two possible answers (that do not exclude
each other), namely
(i) the scale point has not been chosen appropriately. Moving to µ =Mη we have
Kr8(Mη) = (−1.4± 1.7)× 10−3 , (31)
which is compatible with zero within the error bars.
(ii) There are other contributions that generate the value given in (30), which
would show up in the remainder Kˆ8. If we refer to the resonant contributions as
14
pi-
pi0
K-
K0
γ
V
V,S V,S
+ crossed
V,S
S
+ crossed
A A A A
where = + V = + V
V V V
= + + +V V V V
Figure 1: One-loop contributions to the scattering amplitude of π−π0 → K−K0.
The double lines represent the resonances, the letter nearby indicates their type:
vector (V ), axial vector (A) or scalar (S). Note that the vertices with two resonances
are induced by the covariant derivative in (11).
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long distance physics, possible additional contributions could have their origin
in the short distance range. Bijnens evaluated the corrections to Dashen’s
theorem at order O(e2ms) within the framework of the 1/NC approach [26].
He performed explicitly a short distance calculation of the masses, where no
part proportional to e2ms has been found in the contributions to the pion
masses. This possibility has therefore no answer yet.
We work at the order O(e2p2) within the resonance approach determined by the
Lagrangians in (9,11). Higher order corrections arise from two sources. (i) The
masses and the decay constants of the resonances do not live in a SU(3) invariant
world. We know only very little on these corrections, especially for the decay con-
stants. For the contributions to the masses of the vector resonances in the quark
mass expansion see [27, 19]. (ii) Higher order terms in the heavy mass expansion
may give considerably large corrections to the leading order contribution, in partic-
ular if the expansion parameter is M2K/M
2
V , see Example 2 in Appendix A. Thus,
when calculating processes with the numbers for theKRi presented above, one should
keep in mind the possibility of higher order corrections, especially when kaons are
involved.
6 Applications
In this section we briefly give the implications of our results on the KRi to several
matrix elements and ratios thereof quoted in the literature. We will display the
counterterms at order O(e2p2) proportional to Ki only, for the full expressions we
refer to the indicated literature.
There are three combinations of form factors and decay constants that involve
the same counterterms [10, 23],
rKπ|Res. = f
K+π0
+ (0)
fK
0π−
+ (0)
∣∣∣∣∣
Res.
=
4
9
e2
M2K
M2η −M2π
(
2SR2 + 3S
R
3
)
f ηπ
+
+ (0)
∣∣∣
Res.
=
1√
3
rKπ|Res.
FK0Fπ±
FK±Fπ0(λ3/
√
2)
∣∣∣∣∣
Res.
= −1
3
e2
(
2SR2 + 3S
R
3
)
, (32)
where fPπ+ (0) is the form factor associated with the momentum (pP + pπ)µ in the
decay P → πℓνℓ at zero momentum transfer and FP is the Pℓ2 decay constant. From
Eq.(29) we find immediately that 2SR2 + 3S
R
3 = 0, therefore the above quantities do
not receive contributions from the resonances. Next we consider the resonant part
of the electromagnetic corrections to the amplitude η → 3π [11],
AQED(s, t, u)|Res. = − 2
9
√
3
e2
F 20
M2π
[
1 +
3(s−M2π)−M2η
M2η −M2π
]
×
(
2SR2 + 3S
R
3 − 2KR9 − 2KR10
)
, (33)
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which again vanish in the resonance approach.
Finally, we discuss the resonant contributions to the masses. We start with the
masses of the neutral particles [9],
M2π0 |Res. = −
2
9
e2M2π
(
12SR1 + 10S
R
2 + 9S
R
3 − 12KR7 − 12KR8 − 10KR9 − 10KR10
)
M2K0 |Res. = −
8
9
e2M2K
(
3SR1 + S
R
2 − 3KR7 − 3KR8 −KR9 −KR10
)
M2η |Res. =
2
9
e2
[
2M2π
(
KR9 +K
R
10
)
−M2η
(
12SR1 + 6S
R
2 + 3S
R
3 − 12KR7
−12KR8 − 4KR9 − 4KR10
)]
. (34)
As the quantities in the previous examples, the masses of the neutral particles are
unaffected by the resonances, whereas the masses of the charged particles have the
form,
M2π±|Res.(µ0) = 4e2
{
2M2KK
R
8 −
1
9
M2π
[
6SR1 + 5S
R
2 − 6KR7 − 15KR8
−5KR9 − 23KR10 − 18KR11(µ0)
]}
M2K±|Res.(µ0) =
4
3
e2
{
M2π
(
3KR8 +K
R
9 +K
R
10
)
−1
3
M2K
[
6SR1 + 5S
R
2 − 6KR7 − 24KR8
−2KR9 − 20KR10 − 18KR11(µ0)
]}
. (35)
They receive contributions from the resonances and all the scale dependence is con-
centrated in KR11(µ0). Putting in numbers, we observe that the corrections to M
2
π±
and M2K± are proportional to M
2
π and M
2
K , respectively, and that they contain both
the same coefficient,
M2π±
M2π
∣∣∣∣∣
Res.
(µ0) =
M2K±
M2K
∣∣∣∣∣
Res.
(µ0)
= − 1
64π2
e2
[
17 + 6
(
ln 2− lnM
2
V
µ20
)]
. (36)
Now we are able to discuss the different terms that contribute to the corrections
to Dashen’s theorem [14, 15], that involves the electromagnetic mass differences
(M2K± −M2K0)e.m. − (M2π± −M2π0)e.m. = (∆M2K − ∆M2π)e.m. at order O(e2mq). We
do not show the algebraic expression here, in its full form it may be found in [9].
We distinguish two different parts, one is generated by the photon loop and the
counterterms Ki, the other part is due to mesonic loops and to the counterterm
L5 and therefore proportional to the coupling C. The two parts are then again
separated in contributions from the loops and from the counterterms, respectively.
As an ingredient we need the value of Lr5(µ) [2],
Lr5(µ) = (1.4± 0.5)× 10−3 −
3
128π2
ln
µ
Mρ
. (37)
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(∆M2K −∆M2π)e.m. [×10−3 (GeV)2]
∼ e2mq ∼ e2 C
F 40
mq
µ Loops ∆RRes. Loops L
r
5 Total
Mη 0.52 −0.70 −0.04 −0.67 −0.88
Mρ 0.79 −0.70 0.11 −0.43 −0.21
1 GeV 1.0 −0.70 0.23 −0.24 0.30
Errors +0.13−0.10 ±0.15 +0.28−0.25
Table 2: Corrections to Dashen’s theorem at order O(e2mq) at different scale
points µ. The contributions from the resonances ∆RRes. are µ - independent and
renormalized at µ0 = Mρ. The error of this quantity reflects the variation of the
renormalization scale µ0 from Mη (+) up to 1 GeV (−). The error of Lr5 is µ -
independent.
The numerical results are presented in Table 2 for the three scale points µ =
(Mη,Mρ, 1 GeV). The contributions from the resonances, shown as counterterms
∆RRes., depend on the renormalization scale µ0 that we choose to be µ0 =Mρ. The
variation of this scale is reflected in the error of this value, namely the upper bound
corresponds to µ0 =Mη, the lower bound to µ0 = 1 GeV, respectively. We obtain
∆RRes. =
(
−0.70 +0.13−0.10
)
× 10−3 (GeV)2 . (38)
From the results in Table 2 we see that all the possible contributions are of the
same magnitude, none of them is negligible. Considering a scale point in the range
0.7 ∼ 1 GeV, the uncertainty that enters the calculation at the order O(e2mq) is of
the same size as the central value itself.
In one place we are able to check the size of higher order corrections. In [12]
(see also [28]) we have calculated with the Lagrangians in (9,11) the contributions
from the resonances to electromagnetic mass differences without truncating the in-
tegrals at the order O(e2mq). At the scale point µ = µ0 = Mρ we have found
for the corrections to Dashen’s theorem (transformed to the present values for the
parameters)(
∆M2K −∆M2π
)
e.m.
(Mρ) = 0.37× 10−3 (GeV)2 in [12]. (39)
Note that this number is very sensitive to the choice of the parameters in the reso-
nance sector. In Table 2 the corresponding result is the sum of the contributions to
18
the photon loop and ∆RRes., namely(
∆M2K −∆M2π
)∣∣∣
γ−loop+Res.
(Mρ) = 0.09× 10−3 (GeV)2 (40)
at the same scale and renormalization point as above. Thus the higher order terms
from the exact evaluation of the integral gives 40% corrections to ∆RRes. as it could
be expected from Example 2 in Appendix A. Due to the strong cancellation in the
sum of the loop and counterterm contributions, it completely reveals the number
of this part and moves as a consequence the central value of the final result to the
positive region. Taking this higher order corrections explicitly into account we arrive
at (
∆M2K −∆M2π
)
e.m.
(Mρ) =(
0.07 +0.28−0.25
)
× 10−3 (GeV)2 +∆RNon−res.(Mρ) +O(e2m2q) , (41)
where ∆RNon−res. are the non-resonant contributions at the order O(e
2mq) deter-
mined by the Kˆi(µ, µ0) defined in (24) that we do not consider here. Their deter-
mination is beyond the scope of this work.
In summary we find that all the contributions to the corrections to Dashen’s
theorem that we take into account are of the same size. Furthermore we find that
there occur strong cancellations in summing up all the parts, leading to the result
that the uncertainties at the order O(e2mq) and higher order corrections could easily
reveal the central values quoted in Table 2; the same may be valid for non-resonant
contributions ∆RNon−res. . Thus from our calculation we may conclude that the low
energy contributions to the violation of Dashen’s theorem are small.
7 Conclusions
1. Within the framework of chiral perturbation theory we have considered the
coupling constants Ki (i = 1 . . . 14) in the electromagnetic interaction Lagrangian
LQ4 at order O(e2p2) [9, 10, 11]. We have determined the contributions to theKi that
arise from resonances within a photon loop at order O(e2p2) by calculating masses,
scattering amplitudes and matrix elements with external currents (see Section 5).
For the interactions of the pseudoscalar mesons with the resonances we have used the
lowest order interaction Lagrangian that is linear in the resonance fields, introduced
by Ecker et al. [6]. Throughout we have worked in the isospin limit mu = md = mˆ
(i.e. neglecting contributions of the order O [e2(mu −md)]).
2. Formally, we have split the contributions to the Ki in a resonant part
KRi , which we have calculated, and a remainder Kˆi. In general the resonance-
photon loops generate ultraviolet divergences that are absorbed by renormalization
of the corresponding Kˆi at a specific scale point µ0. There are no contributions to
K7 . . .K10 from the resonances at all (see Table 1). For the remaining K
R
i we have
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found that the vector and axial vector parts, except for KR11, are of the same order
or even larger as the value 1/(4π)2 ≃ 6.3× 10−3 implied by naive dimensional anal-
ysis [25]. Whenever the scalars contribute, they generate small but scale dependent
shifts. Since the scalar contributions are small, the values of KR1 . . .K
R
6 are hardly
affected by the scale dependence. This is in contrast to the case of KR11. Here the
scale dependence is due to the vector and axial vector contributions. The constant
KR11 is very sensitive to the choice of the scale point µ0. Varying µ0 between the
values Mη and 1 GeV gives rise to a shift in K
R
11 of the same size as the coupling
itself. However, since there is a strong cancellation in KR11 between the vector and
axial vector resonance contributions, this coupling is small compared to the other
coupling constants. The scale dependence in the coupling KR12 is also generated by
the vector and axial vector contributions and the variation of µ0 between the bounds
given above causes a shift of about 20%.
3. Comparing our results to the expectation from the large NC limit (see Ap-
pendix C) we find agreement for the four linear combinations of couplings that are
suppressed in this limit. The couplings K7 and K8 do not get any contributions
from the resonances at all. The combinations KR1 + K
R
3 and 2K
R
2 − KR4 vanish,
even though the individual couplings K1 . . . K4 each get large contributions from
the resonances.
4. In the evaluation of the resonance contributions to the Ki we have used
the heavy mass expansion (see Appendix A) in order to truncate the integrals at
the order O(e2p2). We have found that higher order corrections can be sizeable,
especially when the ratio M2K/M
2
V is involved as expansion parameter, see Example
2 in Appendix A. Thus when calculating processes with the values for the KRi
presented in this article, one should keep in mind the possibility of higher order
corrections, in particular when kaons are involved.
5. As an application we have discussed the effects of our result on the corrections
to Dashen’s theorem [14, 15] at the order O(e2mq). We find a strong cancellation
in the sum of the different terms leading to the result that the uncertainties are of
the same order of magnitude than the central value at the scale point µ = Mρ (the
same holds for all the scale points in the range 0.7 ∼ 1 GeV),
(
∆M2K −∆M2π
)
e.m.
(Mρ) =(
0.07 +0.28−0.25
)
× 10−3 (GeV)2 +∆RNon−res.(Mρ) +O(e2m2q) , (42)
where ∆RNon−res. are the non-resonant contributions at the order O(e
2mq) de-
termined by the Kˆi. Their inclusion is beyond the scope of this work. The error
indicated is due to the strong coupling constant Lr5(Mρ) and the variation of the
renormalization scale µ0 for the resonance contributions in the range Mη ∼ 1 GeV.
Note that in the numerical part in (42) the higher order corrections due to the
heavy mass expansion are already included [12].
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After completing this article we became aware of a work by Bijnens and Prades
[35] on the same subject. The authors have considered the electromagnetic interac-
tion Lagrangian LQ4 including the η′ as an additional degree of freedom. Within the
1/NC approach [8, 26, 36] they have calculated the short distance contributions to
all the coupling constants Ki at leading order in 1/NC and the long distance part
of the linear combinations of Ki needed for the electromagnetic mass corrections.
They found a large violation of Dashen’s theorem,(
∆M2K −∆M2π
)
e.m.
= (1.06± 0.32)× 10−3 (GeV)2 . (43)
The source of the large difference to our result may be identified easily. The contri-
butions from the Ki (that we call ∆R) is positive in their approach [35],
∆R = 0.53× 10−3 (GeV)2 , (44)
whereas the corresponding value of our calculation is given in Eq.(38), ∆RRes. =
−0.70× 10−3 (GeV)2. Since their technique involves an Euclidean cut-off, the com-
parison to our procedure cannot be carried out directly. It will need some more
work to find the connection between the two approaches.
Even more recently two other preprints by Gao, Yan and Li [37] and by Donoghue
and Pe´rez [38] concerning the electromagnetic mass differences came to our atten-
tion. In [37] the authors consider an U(3)R×U(3)L effective field theory containing
the low-lying pseudoscalar, vector and axial vector mesons. The divergences that
occur in the resonance-photon loop contributions to the electromagnetic mass cor-
rections are absorbed by using an intrinsic parameter g of the theory [37]. The
corrections to Dashen’s theorem are found to be large,(
∆M2K −∆M2π
)
e.m.
= 1.08× 10−3 (GeV)2 . (45)
In [38] the Cottingham method [39] is used in order to calculate the electromagnetic
mass corrections. This approach leads to a dispersion integral over the Compton
scattering amplitudes γ(π,K) → γ(π,K). As input serves CHPT for the elastic
scattering, inelastic production of the low-lying resonances and experimental data in
the intermediate energy region, and perturbative QCD at high energies. The authors
have found substantial contributions to the electromagnetic kaon mass difference
mainly due to the effect of the kaon mass in the propagator of the Born term in the
γK scattering amplitude [38] (this corresponds to the contribution from graph a) in
Figure 2 in the present work). Correspondingly the corrections to Dashen’s theorem
are also large, (
∆M2K −∆M2π
)
e.m.
= (1.34± 0.61)× 10−3 (GeV)2 , (46)
where we combined the individual electromagnetic mass differences and added the
errors in quadrature. One difference to our work may be traced out in the resonance
region, where in [38] the experimental masses and decay constants have been applied
(including finite widths), whereas we work in the SU(3) limit and neglect the widths
of the resonances. Whether this different treatment of the resonances is essential
remains to be studied.
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A Heavy Mass Expansion
With the heavy mass expansion loop integrals may be conveniently simplified, in the
case when all the internal masses can be divided into a set of largeM = {M1,M2, . . .}
and small m = {m1, m2, . . .} , and when all external momenta q = {q1, q2, . . .} are
small compared to the scale of the large masses M . The heavy mass expansion
was first described in an equivalent form in [29] and was mathematically rigorously
formulated in [30, 31, 32]. Let FΓ be the Feynman integral associated with the
Feynman diagram Γ, then the proposition is valid [33]
FΓ
M→∞
=
∑
γ
FΓ/γ ◦ Tqγ ,mγFγ(qγ, mγ,M) (47)
where the sum is over all subgraphs γ of Γ such that each γ
a) contains all lines with heavy masses,
b) consists of connectivity components that are one-particle-irreducible with respect
to lines with small masses.
The operator T performs Taylor expansion in the variables qγ and mγ. It is under-
stood that the operator T acts on the integrand of the subgraph γ thus producing a
polynomial Pγ in q
γ and mγ. The momenta qγ denotes the external momenta of the
subgraph γ. It should be noted that the external momenta qγ is defined with respect
to γ and thus in general consists of some genuine external momenta, shared by the
whole Feynman diagram Γ and γ, as well as momenta flowing through internal lines
of Γ, which are external ones of γ. The masses mγ collects all light masses in the
subgraph γ. The notation FΓ/γ means that the subgraph γ is contracted to a single
vertex vγ. After insertion of the polynomial Pγ in vγ the new Feynman integral
FΓ/γ ◦ Pγ must be evaluated. All possible subgraphs γ must be found and their
contribution must be added to the result. Writing the Taylor expansion operator as
Tx1,x2,... =
∞∑
n=0
tn(x1, x2, . . .) (48)
then one immediately sees that
tn(qγ, mγ)Fγ(q
γ, mγ ,M)
scales like Md(γ)−n, where d(γ) is the mass dimension of the subgraph γ.
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where
a)
pi+
γ
= +
ρo
b)
ρo
c)
a1
+
d)
Figure 2: One-loop contributions to the electromagnetic mass shift of π±.
Example 1: Consider the loop contribution to M2π± containing the axial vector
resonance a1 (with mass MA) shown in Figure 2d). This diagram can be worked out
exactly and gives [12]
FΓ = (3− ǫ)e
2F 2A
F 20
1
i
∫
d4q
(2π)4
1
M2A − q2
+
e2F 2A
F 20
1
i
∫ d4q
(2π)4
q2 [M2π + (3− ǫ)ν] + (2− ǫ)ν2
q2 [M2A − (q + p)2]
, (49)
where ǫ = 4− d (d: dimension), ν = pq and p is the pion momentum. The integrals
are easily evaluated,
FΓ =
3e2
F 20 16π
2
[
F 2AM
2
A
(
ln
M2A
µ20
+
2
3
)]
+
6e2
F 20
F 2AM
2
Aλ
− e
2F 2A
F 20 16π
2
M2π
[
2 +
3
2
ln
M2A
µ20
+ I1
(
M2π
M2A
)]
, (50)
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→
Γ 
∗
γ1 Γ  γ1|
γ2
+ ∗
Γ  γ2|
Figure 3: Example of the heavy mass expansion.
with
λ =
µd−40
16π2
{
1
d− 4 −
1
2
[ln 4π + Γ′(1) + 1]
}
I1(z) =
∫ 1
0
x ln[x− x(1− x)z] dx . (51)
In the heavy mass expansion two subgraphs γ1 andγ2 are identified, see Figure 3.
The first subdiagram γ1 is found to be the heavy mass propagator. It is characterized
by q ≪ MA. The external momentum flowing through the heavy propagator is the
loop momentum q. We thus expand γ1 in powers of q. Working up to order O(1/M
2
A)
we get
Pγ1 = TkFγ1 =
1
M2A
+O(
q2
M2A
) . (52)
This term corresponds to the naive expansion of a Feynman integral in powers of
1/M2A. The diagram Γ/γ1 vanishes, however, in dimensional regularization, because
only the massless photon runs through the loop. The second subgraph γ2 is the
loop itself. γ2 is characterized by p ≪ q,MA and if the photon had a mass mγ by
mγ , p ≪ q,MA. Expanding in γ2 the heavy propagator in p to the order O(1/M2A)
one obtains
∑
γ
FΓ/γ ◦ Tqγ ,mγ = FΓ/γ2TpFγ2
=
3e2
F 20 16π
2
[
F 2AM
2
A
(
ln
M2A
µ20
+
2
3
)]
+
6e2
F 20
F 2AM
2
Aλ
− e
2F 2A
F 20 16π
2
M2π
[
2 +
3
2
ln
M2A
µ20
− 1
4
]
. (53)
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As can be seen from the equations (50) and (53) one has to compare the numerical
value of I1(M
2
π/M
2
A) with −1/4 . We may split the integral I1 in a part at z = 0 and
a remainder I¯1(z) = I1(z)− I1(0). Numerically we find
I1
(
M2π
M2A
)
= I1(0) + I¯1
(
M2π
M2A
)
= −0.250− 0.003 , (54)
where we have used the relations in (15). Thus in our case the result from the heavy
mass expansion in (53) corresponds to I1(0). The difference I¯1(z) to the exact result
is small. Indeed, inserting in (50) one gets for the expression in the parentheses on
the last line,
[
2 +
3
2
ln
M2A
µ20
+ I1(0) + I¯1
(
M2π
M2A
)]∣∣∣∣∣
µ0=Mρ
= 2.790− 0.003 , (55)
where we have split the remainder from all the other contributions and fixed the
renormalization scale point at µ0 = Mρ.
Example 2: In the previous example we have considered an integral that con-
verges well in the 1/MR expansion, i.e. the truncation after the leading term gives
a good description of the entire integral. In general, we cannot expect that this
approximation of a loop contribution works so well. In the present example we give
an estimate of the upper bound for the error that we induce with the truncation.
We consider again the loop contributions in Figure 2, but this time we choose the
part a) and calculate its contribution toM2K±. The expansion parameter is therefore
M2K/M
2
V ∼ 0.4, and the relevant expression reads [12],
FΓ =
1
8π2
e2M2K
[
7
2
− 3
2
ln
M2K
M2V
+ I2
(
M2K
M2V
)]
I2(z) =
∫ 1
0
(1 + x)
{
ln[x+ (1− x)2z]− x
x+ (1− x)2z
}
dx . (56)
Note that FΓ is finite and therefore scale independent. Expanding in 1/M
2
V leads in
an analogous way as before to an expansion of the integral I2(z) around z = 0,
I2
(
M2K
M2V
)
= I2(0) + I¯2
(
M2K
M2V
)
= −2.75 + 0.95 , (57)
where I¯2(z) is defined similarly to I¯1(z). The remainder decreases the approximate
result I2(0) by about 35%. Inserted in (56) we find[
7
2
− 3
2
ln
M2K
M2V
+ I2(0) + I¯2
(
M2K
M2V
)]
= 2.08 + 0.95 , (58)
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where again we have given the remainder separately. The change from the leading
order term in the heavy mass expansion to the exact result is large, about 46%.
Therefore we conclude that higher order corrections to the leading order term
in the heavy mass expansion may be large, depending on the size of the expansion
parameter. The ratio M2K/M
2
V is the largest value that enters our calculations,
leading to corrections of the order of 50% in the example above.
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B Contributions to KRi
Below we list the finite contributions to the KRi in their most general form, i.e.
without using the relations in Eq.(14) for the parameters in the resonance sector.
For completeness we give the contributions to the leading order constant C [6].
Instead of C we indicate the dimensionless quantity Z = C/F 40 . Vanishing K
R
i are
omitted from the list.
Vector Mesons
F 2V :
ZV (µ0) = −3
2
1
16π2
F 2V
F 40
M2V
(
ln
M2V
µ20
+ 2
)
KFV1 (µ0) = −
3
16
1
16π2
F 2V
F 20
(
ln
M2V
µ20
+
7
6
)
KFV2 (µ0) = K
FV
1 (µ0) K
FV
3 (µ0) = −KFV1 (µ0)
KFV4 (µ0) = 2K
FV
2 (µ0) K
FV
5 (µ0) = −3KFV1 (µ0)
KFV6 (µ0) = −3KFV2 (µ0) KFV11 (µ0) = −KFV1 (µ0)
KFV12 (µ0) = 2K
FV
1 (µ0)
KFV13 =
3
4
1
16π2
F 2V
F 20
KFV14 =
1
2
KFV13 .
(59)
FVGV :
KFV GV1 (µ0) =
3
4
1
16π2
FVGV
F 20
(
ln
M2V
µ20
+
1
6
)
KFV GV2 (µ0) = K
FV GV
1 (µ0) K
FV GV
3 (µ0) = −KFV GV1 (µ0)
KFV GV4 (µ0) = 2K
FV GV
2 (µ0) K
FV GV
5 (µ0) = −3KFV GV1 (µ0)
KFV GV6 (µ0) = −3KFV GV2 (µ0) KFV GV12 (µ0) = KFV GV1 (µ0)
KFV GV13 (µ0) = −2KFV GV1 (µ0) KFV GV14 (µ0) = KFV GV1 (µ0) .
(60)
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F 2VG
2
V :
K
F 2
V
G2
V
1 (µ0) = −
3
8
1
16π2
F 2VG
2
V
F 40
(
ln
M2V
µ20
+
7
6
)
K
F 2
V
G2
V
2 (µ0) = K
F 2
V
G2
V
1 (µ0) K
F 2
V
G2
V
3 (µ0) = −KF
2
V
G2
V
1 (µ0)
K
F 2
V
G2
V
4 (µ0) = 2K
F 2
V
G2
V
2 (µ0) K
F 2
V
G2
V
5 (µ0) = −3KF
2
V
G2
V
1 (µ0)
K
F 2
V
G2
V
6 (µ0) = −3KF
2
V
G2
V
2 (µ0) K
F 2
V
G2
V
13 (µ0) = −4KF
2
V
G2
V
1 (µ0)
K
F 2
V
G2
V
14 (µ0) = 2K
F 2
V
G2
V
1 (µ0) .
(61)
G2V :
KGV1 (µ0) =
3
8
1
16π2
G2V
F 20
(
ln
M2V
µ20
+
1
6
)
KGV2 (µ0) = −KGV1 (µ0) KGV3 (µ0) = −KGV1 (µ0)
KGV4 (µ0) = 2K
GV
2 (µ0) K
GV
5 (µ0) = −3KGV1 (µ0)
KGV6 (µ0) = −3KGV2 (µ0) .
(62)
Using the relations FVGV = F
2
0 and FV = 2GV (see Eq.(14) ) the sum of the above
expressions simplify to
ZV (µ0) = − 3
16π2
1
F 20
M2V
(
ln
M2V
µ20
+ 2
)
KV1 (µ0) =
3
16
1
16π2
(
ln
M2V
µ20
− 23
6
)
KV2 (µ0) = −
3
16
1
16π2
(
ln
M2V
µ20
+
25
6
)
KV3 (µ0) = −KV1 (µ0)
KV4 (µ0) = 2K
V
2 (µ0) K
V
5 (µ0) = −3KV1 (µ0)
KV6 (µ0) = −3KV2 (µ0) KV11(µ0) =
3
8
1
16π2
(
ln
M2V
µ20
+
7
6
)
KV12 = −
3
4
1
16π2
KV13 = −4KV12 .
(63)
Note that the contributions to KV14 cancel in the sum.
Axial vector Mesons
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ZA(µ0) =
3
2
1
16π2
F 2A
F 40
M2A
(
ln
M2A
µ20
+ 2
)
KA1 (µ0) = −
3
16
1
16π2
F 2A
F 20
(
ln
M2A
µ20
+
7
6
)
KA2 (µ0) = −KA1 (µ0) KA3 (µ0) = −KA1 (µ0)
KA4 (µ0) = 2K
A
2 (µ0) K
A
5 (µ0) = −3KA1 (µ0)
KA6 (µ0) = −3KA2 (µ0) KA11(µ0) = KA1 (µ0)
KA12(µ0) = 2K
A
1 (µ0)
KA13 = −
3
4
1
16π2
F 2A
F 20
KA14 = −
1
2
KA13 .
(64)
With the help of the twoWeinberg sum rules (see Eq.(14) ) the sum of the expressions
from the vector resonances in (63) and from the axial vector resonances in (64) reads
ZV+A =
3
16π2
1
F 20
M2V ln 2
KV+A1 = −
3
16
1
16π2
(5 + ln 2) KV+A2 = −
3
16
1
16π2
(3− ln 2)
KV+A3 = −KV +A1 KV+A4 = 2KV+A2
KV+A5 = −3KV+A1 KV+A6 = −3KV+A2
KV+A11 (µ0) =
3
16
1
16π2
(
ln
M2V
µ20
+
7
6
− ln 2
)
KV+A12 (µ0) = −
3
8
1
16π2
(
ln
M2V
µ20
+
19
6
+ ln 2
)
KV+A13 =
9
4
1
16π2
KV+A14 =
1
6
KV+A13 .
(65)
Therefore only KV+A11 (µ0) and K
V+A
12 (µ0) are scale dependent.
Scalar Mesons
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Octet :
KS1 (µ0) =
3
4
1
16π2
c2d
F 20
(
ln
M2S
µ20
+
1
6
)
KS2 (µ0) = −KS1 (µ0) KS3 (µ0) = −
1
3
KS1 (µ0)
KS4 (µ0) = −
2
3
KS1 (µ0) K
S
5 (µ0) = −KS1 (µ0)
KS6 (µ0) = K
S
1 (µ0) .
(66)
Singlet :
KS13 (µ0) = −
3
2
1
16π2
c˜2d
F 20
(
ln
M2S1
µ20
+
1
6
)
KS14 (µ0) = 2K
S1
3 (µ0) .
(67)
The numerical results at the scale point µ0 = Mρ (with the values for the parame-
ters given in Eqs.(15,17) ) are presented in Table 3. There are no contributions to
K7 . . .K10 from the resonances at all. For the nonvanishing couplings we find that
the contributions from the vector and axial vector resonances dominate the KRi , like
in the strong sector [6].
In Table 1 in Section 5 we list the algebraic expressions for KR1 . . .K
R
13 (K
R
14 does
not contribute to physical amplitudes) using the relations in Eq.(14), also indicated
are the numerical results at the scale point µ0 =Mρ.
C Large NC
In this appendix we classify the coupling constants Ki according to their large NC
behaviour. We then compare their behaviour to the numerical result obtained from
the resonances.
In the large NC limit of QCD, operators that contain the product of two traces
in flavour space are suppressed by 1/NC with respect to those operators with one
flavour trace only [13]. We apply this counting scheme to operators of order O(e2p2)
in the next-to-leading Lagrangian LQ4 . First of all we have to make two assumptions:
1. We assume that the electromagnetic interactions do not change the large NC
counting of the strong force, i.e.
M2π ∼ O(1), Fπ ∼ O(N1/2C ) . (68)
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Type: V A S S1 Total
ZR(Mρ) −0.88 1.79 0 0 0.91(∗)
Units: × 10−3
KR1 (Mρ) −4.6 −2.2 0.4 0 −6.4
KR2 (Mρ) −4.9 2.2 −0.4 0 −3.1
KR3 (Mρ) 4.6 2.2 −0.1 −0.2 6.4
KR4 (Mρ) −9.9 4.4 −0.2 −0.5 −6.2
KR5 (Mρ) 13.7 6.6 −0.4 0 19.9
KR6 (Mρ) 14.8 −6.6 0.4 0 8.6
KR7 . . .K
R
10 0 0 0 0 0
KR11(Mρ) 2.8 −2.2 0 0 0.6
KR12(Mρ) −4.7 −4.4 0 0 −9.2
KR13 19.0
(∗) −4.7(∗) 0 0 14.2(∗)
KR14 0 2.4
(∗) 0 0 2.4(∗)
Table 3: Contributions from vector (V ), axial vector (A), scalar octet (S) and
scalar singlet (S1) resonances to the couplings Z and K1 . . .K14 at the scale point
µ0 = MV ≃ Mρ. We have used the relations in Eq.(14) and the numerical values
for the parameters given in Eqs.(15,17). Scale independent quantities different from
zero are signed with an asterisk (∗).
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From this we deduce
C ∼ O(NC), Ki ∼ O(1), i = 1 . . . 14 , (69)
where we made use of Eq.(4) and of the expressions for the masses [9, 10],
for the Pℓ2 decay constants [23] and for the vector and axial vector two point
functions.
2. In the construction of LC and LQ4 local spurions QR(x), QL(x) have been used
which at the end are identified with the charge matrix Q [6]. Therefore we
consider Q as a (spurious) source term and assume that the operator 〈Q2〉
corresponds to a closed quark loop with a photon loop attached that interacts
via gluons to other (flavourneutral) operators [34] .
Therefore the following parts of the Lagrangian LQ4 could be suppressed,
K1F
2
0 〈dµU †dµU〉〈Q2〉 , K2F 20 〈dµU †dµU〉〈QUQU †〉 ,
K3F
2
0
(
〈dµU †QU〉〈dµU †QU〉 + 〈dµUQU †〉〈dµUQU †〉
)
,
K4F
2
0 〈dµU †QU〉〈dµUQU †〉 ,
K7F
2
0 〈χ†U + U †χ〉〈Q2〉 , K8F 20 〈χ†U + U †χ〉〈QUQU †〉 .
(70)
However, in the derivation of LQ4 we have used trace identities that relate operators
with different numbers of flavour traces [9], which may invalidate the suppression of
the single operators listed above. Explicitly,
〈U †dµUQU †dµUQ + UdµU †QUdµU †Q〉 =
2〈
{
dµU †, dµU
}
Q2〉 − 〈dµU †dµU〉〈Q2〉
+
(
〈dµU †QU〉〈dµU †QU〉 + 〈dµUQU †〉〈dµUQU †〉
)
,
〈dµU †QdµUQ〉 =
〈dµU †QU〉〈dµUQU †〉+ 1
2
〈dµU †dµU〉〈QUQU †〉
−〈dµU †dµUQU †QU + dµUdµU †QUQU †〉 . (71)
Taking altogether, we find the following behaviour,
Ki ∼ O(1) , i = 1 . . . 14; i 6= 7, 8
K1 +K3, 2K2 −K4, K7, K8 ∼ O(1/NC) . (72)
In comparison to the couplings Li in the strong sector the Ki are in general sup-
pressed by a factor 1/NC due to the additional factor F
2
0 split off in the electro-
magnetic counterterms (see Eq.(6) ) and due to the first assumption made above.
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The suppression of K8 implies that the contributions from the counterterms of order
O(e2ms) to M
2
π± are small,
M2π± = M
2
π + 2e
2 C
F 20
+ e2M2K
{
8Kr8(µ)−
C
F 40
[
1
8π2
ln
M2K
µ2
+ 32Lr4(µ)
]}
+O(e2M2π) . (73)
where Mπ,MK are the leading order masses at O(mq) and the strong coupling con-
stant L4 is suppressed itself in the large NC limit [2].
The contributions from the resonances to the couplings KRi vary over a large
range, see Appendix B. We look out for the numerical contributions to the four
quantities that are suppressed by 1/NC. K7 and K8 are untouched by the reso-
nances, whereas KR1 . . .K
R
4 get rather large resonance contributions. The relevant
combinations, however, vanishes in nice agreement with the large NC limit,
KR1 (µ0) +K
R
3 (µ0) = 2K
R
2 (µ0)−KR4 (µ0) = 0 . (74)
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